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Abstract 

The first two authors have constructed a gauge-equivariant Morse 
stratification on the space of connections on a principal J7(n)-bundle 
over a connected, closed, nonorientable surface E. This space can be 
identified with the real locus of the space of connections on the puUback 
of this bundle over the orientable double cover of S. In this context, the 
normal bundles to the Morse strata are real vector bundles. We show 
that these bundles, and their associated homotopy orbit bundles, are 
orientable for any n when S is not homeomorphic to the Klein bottle, 
and for n < 3 when E is the Klein bottle. We also derive similar 
orientability results when the structure group is SU{n). 

1 Introduction 

Consider a finite stratification {A^} of a manifold S. If each stratum is 
a locally closed submanifold of S with codimension d^, and the index set is 
partially ordered so that for any A, 

C IJ 

^J^>\ 

holds, then {A^} is called a Morse stratification. A Morse stratification gives 
a Morse polynomial Mt{S;K) = ^f^i" Pt{Af,; K), where Pt{-;K) denotes 
the Poincare polynomial with coefficients in the field K. The Morse inequal- 
ities state that there exists a polynomial Rxit) with nonnegative coefficients 
such that 

Mt{S; K) = Pt{S; K) + {1 + t)RK{t). 

Under fairly general conditions, the Morse inequalities hold for K = %2- If; 
moreover, the normal bundle to each stratum A^ is orientable, then these 
Morse inequalities hold for any coefficient field K. 
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Atiyah and Bott studied the moduli space of flat G-connections over 
a Riemann surface via this Morse theoretical approach when the structure 
group G is compact and connected. One of their main results is the compu- 
tation of the ^-equivariant Poincare series (^fiat ! K) for the space Ans^t of 
flat connections on a principal bundle over a Riemann surface, where Q is the 
gauge group. They used the Yang-Mills functional, which is invariant under 
the action of the gauge group, as a Morse- type function and constructed a 
gauge equivariant Morse stratification {Afj,} on the space A of all connec- 
tions on a principal bundle over a Riemann surface. The space ^flat of flat 
connections sits inside of the unique open stratum Ass and is a deformation 
retract of Ass via the Yang-Mills flow (Daskalopoulos [5j, Rade [22]). Thus, 
^flat and Ass are homotopy equivalent, and P^{A{ia_t]K) = (Ass', K). 
With this Morse stratification, one can write down the ^-equivariant Morse 
series of the space A of all connections, 

MSiA;K) = Y,t'''PFi^,;K), 

and the ^-equivariant Morse inequalities 

M^{A; K) = Pf{A; K) + {1 + t)RK{t), 

where is the codimension of the stratum A/^, I is the index set of the 
stratification, and Rxit) is a power series with nonnegative coefficients. In 
their construction, the normal bundles are complex vector bundles, thus 
orientable, so K can be any field. In order to compute the ^-equivariant 
Poincare series P^iAss] K), one needs four ingredients: Pf {A; K), d^, Rxit), 
and P^ {Afj,; K) for all A/^ ^ Ass- Since the space A of all connections over 
a Riemann surface is an infinite dimensional complex affine space and thus 
contractible, P^{A]K) is just Pt{BQ; K), the Poincare series of the classi- 
fying space of ^. As for Atiyah and Bott found reduction formulas 
[U Proposition 7.12] that reduce the question to smaller groups. The Morse 
index can be computed by Riemann-Roch [H Equation (7.15)]. Most 
importantly, they showed that this stratification is ^-equivariantly perfect 
[H Theorem 7.14], i.e. RK{t) = 0, and 

PtiBQ; K) = Pf K) = J] f^-PH^; K). 

In the end, this method produces a recursive formula for P£'{Ass', K). 

The first two authors defined a Yang-Mills functional on the space of 
connections over any nonorientable surface S in p2]. Using this Yang-Mills 
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functional, they constructed a ^-equivariant Morse stratification on the space 
of connections over S. To be precise, consider the orientable double cover 
TT : S — )• S, and let P = tt*P over S denote the pullback of a principal bundle 
P over S. The non-trivial deck transformation of S induces an involution 
on the space A of connections of P whose fixed point set is exactly the space 
A of connections of P. Ho and Liu define the Yang-Mills functional L on ^ 
to be the restriction of the Yang-Mills functional L on the fixed point set of 
A. The absolute minimum of L is zero, achieved by flat connections on P. 
The gradient flow of L defines a ^-equivariant Morse stratification {.4^} on 
A. Indeed, the Morse stratification {A^} is just the intersection of A with 
the Morse stratification {^^}. This procedure also tells us that the normal 
bundle to each stratum A^ in A is the fixed locus of the normal bundle 

to each stratum Afj, in A, which is complex (we will discuss in detail 
the various involutions on vector bundles in Section [3]). In other words, the 
normal bundle to each Morse stratum A^ is a ^-equivariant real vector 
bundle and hence is not automatically orientable. 

The ^-equivariant Morse series of this stratification {A^} is 

Since the Yang-Mills strata admit gauge-invariant tubular neighborhoods 
(see [23] for a construction), one can use the stratification to obtain the 
^-equivariant Morse inequalities 

M^{A; K) = Pf{A; K) + {1 + t)RK{t). 

A priori, we cannot assume orientability of the normal bundles N^, so the 
Morse inequalities holds only for K = 'L2- To compute the Poincare se- 
ries Pf{Ass]K), we again need four ingredients: Pf{A]K), dfj,, Rxit), and 
P^{Afj,;K) for all A^ / Ass- Reduction formulas for Pf {A^; K) and a for- 
mula for dfj, were given in [12^ [T3] . On the other hand, the computation of 
Pf{A;K) is rather difficult when K = 7^2 due to the existence of 2-torsion 
elements in integral cohomology (see [12l Section 5.3] [131 Section 2] for 
more details) and one is encouraged to consider rational coefficients. Hence 
we need to establish orientability of the normal bundles. 

Let XhG denote the homotopy orbit space EG Xq X. Then (N^);^^ is 
also a real vector bundle over {A^)f^g. In this paper, we fix the structure 
group of the principal bundle P to be the unitary group U (n) or the special 
unitary group SU{n). Our main result is: 
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Theorem 1. Suppose that either (i) = (so that S is homeomorphic 

to the Klein bottle) and n < 3, or (ii) x(^) 7^ ^iT-d n is any positive 
integer. Then (^^)f^g is an orientable vector bundle over {Ai^)f^g for all fi. 
As a consequence, is an orientable vector bundle over for all 

In [13], the first two authors discuss how far this stratification is from 
being perfect, i.e. what the power series Rxit) looks like. They define 
the notion of antiperfection, which leads to some conjectural formulas for 

Thomas Baird [3] has recently proven the formula conjectured in for 
the ^-equivariant Poincare series of the space of flat {7(3)-connections over 
a non-orientable surface. His argument relies on Yang-Mills theory, and in 
particular uses our orientability results. Thus Baird's work may be viewed 
as a concrete application of the results in this paper. 

2 Preliminaries 

Let S be a Riemann surface. Let P^'^ denote the degree k principal U{n)- 
bundle on E. Let p : U{n) — t- GL{n,C) be the fundamental representation, 
and let E = P^' Xp C" be the associated complex vector bundle over S. 
Then E is a rank n, degree k complex vector bundle equipped with a Hermi- 
tian metric h, and the unitary frame bundle U{E, h) of the Hermitian vector 
bundle {E, h) is isomorphic to P^ as a principal ?7(n)-bundle. 

2.1 Hermitian, (0,1)-, and (1, 0)-connections 

Let AiP"^") be the space of C/(n)-connections on P^ , which can be identi- 
fied with A{E, h), the space of Hermitian connections on (E, h) (connections 
on E which are compatible with the Hermitian structure h, cf. |26i pp.76]) . 
It is a complex affine space whose vector space of translations is r2|, (adP^' ) , 
where the complex structure is given by the Hodge star * (cf. [1]). Let C{E) 
denote the space of (0, l)-connections d : nUE) n^/{E), and let C'iE) 

denote the space of (1, 0)-connections d : Q^{E) — )• (E). Recall that a 
(0, l)-connection (resp. (1, 0)-connection) defines a holomorphic (resp. anti- 
holomorphic) structure on E if and only if 9^ = (resp. = 0) (cf. [71 
Section 2.2.2]); now = (resp. 0,"^^ = 0) since dime S = 1, so the 
integrability condition 8^ = (resp. 5^ = 0) holds automatically. The local 
holomorphic (resp. anti-holomorphic) sections are solutions to 5s = (resp. 
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ds = 0). C{E) and C'{E) are complex affine spaces whose vector spaces of 
translations are Jl|''(End(£;)) and JlJ,'"(End(^)), respectively (cf. [Ij). 

Given a Hermitian connection V : ^^|(^), let V : 

nl:^{E) and V" : n%{E) n^^E) be the (1,0) and (0,1) parts of V. 
Then V i— )• V" and V i— )• V define isomorphisms j : A{P^' ) — )• C{E) and 
/ : yt(P^'') ^ C'{E) of real affine spaces. Their differentials 

J, : l^KadP^'^) ^ J]°/(EndS), : l^KadP^^^) ^ l^J,'°(End£;), 

are complex linear and conjugate linear, respectively. More explicitly, 
and j'^ are C°°(S, M)-linear, so they are induced by real vector bundle maps 
j :Ti(S) adP^''' (r;)0'i ® EndS and / : ® adP^'' ^ {Ti)^'^ EndE, 

2-1 2-1 z-i 2-1 2-1 2-1 

respectively. Given any point x G S, let = + idy be a local basis of 
(T|)p'° and let X,Y ^ u(n). Then X + iY e gl(n,C), and 

j(X(ix + Ydy) = \{X + iY)dz, ~j'{Xdx + Ydy) = ^{^ - iY)dz. 

The complex structure on {Ti^adP^''^)x is given by the Hodge star: *{Xdx+ 

2-1 2-1 

Ydy) = —Ydx + Xdy. It is straightforward to check that j is complex linear 
and j' is conjugate linear. 

Given a (0, l)-connection 9 on a Hermitian vector bundle (i?, h) over 
E, there is a unique connection V on S which is compatible with h and 
such that V" = d (see e.g. [261 PP-78]). We denote this canonical Hermitian 
connection by q. The map j'oj~^ : C{E) — )• C'{E) is given by 5 i— )• (V^^ q)' , 
where (V^g)' is the (l,0)-part of V^^g. 

Let E"^ be the complex dual of E (see e.g. \2Qi pp. 168-169]). Then E'^ is a 
rank n, degree — /c complex vector bundle equipped with a Hermitian metric 
/i^ induced by h. More explicitly, if {ei, . . . , e„} is a local orthonormal frame 
of the Hermitian vector bundle {E, h), then its dual coframe {e^, . . . , e^} is a 
local orthonormal frame of the Hermitian vector bundle {E'^ ,h'^)- The map 

V I— )• h{-, v) defines a conjugate linear bundle map E — )• E"^ which induces an 
isomorphism 1^ : {E,h) = (E^,h^) of Hermitian vector bundles. We have 
U{W,W) ^ U{E,h) ^ P^^ 

A (0, l)-connection d on E induces a (0, l)-connection 5^ on E"^ and a 
(1, 0)-connection 5^ on i?^. This gives a map ji : C{E) — )- C'{E^). The map 

V I— )• h{-,v) defines an isomorphism E = E'^ of C°° complex vector bundles, 
which induces an isomorphism j2 : C'{E) — J- C'{E^) of complex affine spaces. 
It is straightforward to check that j' o j^^ = j^^ o ji : C{E) — t- C'{E). 
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2.2 Gauge groups 

Let GL{E) be the frame bundle of the complex vector bundle E. Let U {E, h) 
be the unitary frame bundle of the Hermitian vector bundle {E, h) as in the 
previous subsection. Then GL{E) is a principal GL(n, C)-bundle over S, 
and U{E,h) is a principal [/(n)-bundle over S. Let Aut(£') be the (infi- 
nite dimensional) group of complex vector bundle isomorphisms £'—)•£', 
and let Aut{E,h) be the (infinite dimensional) group of Hermitian bun- 
dle isomorphisms {E,h) — )■ {E,h). (See [H Section 2] for details.) Then 
Aut{E) ^ AutGL{E) and Aut(£^, h) = AutU{E, h); Aut{E, h) is a subgroup 
ofAut(E). 

Aut(-E) acts on C{E) hy u-d = uodou^^ and Aut(£', h) acts on A{E, h) 
by li- V = uo Voti^^. More explicitly, relative to a local orthonormal frame, 
a (0, l)-connection on E is of the form 

d = da + B, 

where is the usual Cauchy-Riemann operator and B \s & 0[(n, C)-valued 
(0, l)-form; a unitary connection is of the form 

V = d + A, 

where d is the usual exterior derivative and A is a u(n)-valued 1-form. An 
element u in the gauge group Aut(£^) is locally a GL (n, C)-valued function, 
and acts on the form B by 

B ^ uBu~'' - {dQu)u~^\ (1) 

an element u in the gauge group Aut(ii^, h) is locally a U (n)-valued function, 
and acts on the form A by 

A ^ uAu'^ - {du)u''^ . (2) 

In particular, if n G GL{n,<C) (resp. U{n)) is a constant gauge transfor- 
mation, then it acts on B (resp. A) hy B uBu~^ (resp. A ^ uAu~^ 
)■ _ 

Given u £ Aut(£') and x & Ti, Ux : E^ ^ E^ is a complex linear iso- 
morphism for all X € S. The dual of Ux is a complex linear isomorphism 
(ux)"^ : {Ex)^ — )• {ExY = {E'^)x- It induces a complex linear isomorphism 

(^ : ^ CE^jv ^ [W)x. 

Define G Aut(£'^) by {u^)x = (^^x)^- Then u — > defines a group 
homomorphism Aut(-E) — Aut(i?^). The isomorphism Ih : E = E^ allows 
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us to identify Aut(£;) with Aut(£;v). We let h : Aut{E) Aut{E^) be 
this /t-dependent identification, and let (p^ : Aut(£') — t- Aut(-E) be defined 
by I— 7- Ih{u^)- Then (ph can be described explicitly as follows. Let u G 
Aut(£J), and let A G GL{n, C) be the matrix of Ux ■ ^ E^ with respect 
to an orthonormal basis of {Ex,hx)- Then (t)h{u)x = (^*)~^- Note that 
(ph : Aut(E) Aut{E) is an involution, and the fixed locus Aut(£^)'^'' = 
Aut{E,h). 

3 Involution 

Let S be a closed nonorientable surface, and let vr : S — t- S be its orientable 
double cover. Then S is a Riemann surface, and the non-trivial deck trans- 
formation is an anti-holomorphic, anti-symplectic involution r : S ^ S such 

that TT O T = TT. 

3.1 The action of r on holomorphic structures 

There is an anti-holomorphic, anti-symplectic map : A{E, h) A{t*E, T*h) 
given by V ^ t*V. Note that t*P^^ ^ P^"^ so A{t*E, T*h) ^ A{P^'~''). 
We have 

(r*V)' = r*(V"), (r*V)" = T*(V'), 

so there are maps 

T* :C{E) ^C'{t*E), C{t*E) ^C'{E), d^T*d 
T* :C'{E)^C{t*E), C'{t*E)^C{E), d^T*d, 

such that T* o r* is the identity map. 

Define tq := j ot^o = t* o f o j-i : C{E) C{t*E). Then tq is 
given hy d ^ '^*^h,d)' ■ ^^^^ ^^^^ subsection, we study the effect 

of Tc on the Harder-Narasimhan filtration. 

Let £ denote E equipped with a (0, l)-connection (holomorphic struc- 
ture), so that £ can be viewed as a point in C{E). Let 

Q = £q(1£i(1-- - (l£r = £ 

be the Harder-Narasimhan filtration, so £j/£j-\ is semi-stable. Set 

Vj = £j/£j^i, rij = rankcPj, kj = degVj. 
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The Atiyah-Bott type of E is 

= —,...,—,...,—,...,— , where — >•••> —. (3 
Vni ni rir rir^ ni rir 

ni Ur 

Recah that rankc-E = n and degE = k. Let 



( / k\ kf kf \ /C]^ /c^ > > 

n,k = <{—,■■■,—,■■■,—,■■■, — I —>•••>—, > rij = n, } k 



ni 



and for fi G I^^k let Cfj_ = {£ G C{E) IJ^{£) = /^}- The Harder-Narasimhan 

strata of C{E) are {C^ | G In,k} (cf- HI Section 7]). 

Using the isomorphism Ih : E = E'^ defined in Section 12.11 we may 
identify C{t*E) with C{t*W). Then tq : C{E) C{t*W) is given by 
£ ^ T*£^ , where E^E^ ^t*E^ are holomorphic vector bundles over S, while 
£^ is an anti- holomorphic vector bundle over S. 

For j = 0, . . . , r, define a holomorphic subbundle {E'^)-j of iS^ by 

= {« e I «(^) = Vt- G {E,U. 

Then (<?^)-_j = {EjEj^ . The Harder-Narasimhan filtration of f ^ G C{E^) 
is given by 

= {E^)^r c c • • • c {E^)-x c (f^)o = 

Notice that 

Set = Then 

= (P^.+i-j)^, rankc'Hj = n^+i-j, deg'Hj = -/Cr+i-j- 
Hence the Atiyah-Bott type of E^ is 

(A^j- ^\ ^1 \ 1 ^7" ^1 
, where >•••> . 
rir rii/ rir ni 



ni 



V 



For j = 0, . . . , r, define a holomorphic subbundle Tc{E)-j of tc{E) = t*E 
by Tc{E)-j = T*{E'^)-j. The Harder-Narasimhan filtration of tc{E) is given 
by 

= TciE)-r C Tc{E)_(^r-l) c • • • C TciE)o = TciE) 
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Let Kj = Tc{£)-(r^j)/Tc{£)-(r-j+i)- Then 



and rankc/Cj = n^+i-j, deg/Cj = —kr+i-j. 
The Atiyah-Bott type of rc(<?) is 

(hjj< k\ k^ 
, . . . , , • • • , , • • • ) 
rir rir ni ni 
^ „ ' ^ „ ' 

From the above discussion, we conclude: 

Lemma 2. Let tc : C{E) C{t*E) = C{t*W) be defined as above, and 
define tc : Aut(£^) — )• Aut{T*E) by u ^ T*(j)h{u), where (j)h is defined as in 
Section [KM Define tq : In k ^ In -k 




Then 

1. TC : C{E) C{t*E) ^ C{t*W) maps bijectively to C^„(^). 

2. Tc is equivariant with respect to the Aut{E)-action onC{E) and Aut{T* E)- 
action on C{t*E), i.e., 

Tc{u-d) = Tc{u)-Tc{d), u£kui{E), deC{E). 



3.2 The degree zero case 

Let P — > S be a principal J7(Ti)-bundle, and let P = 7r*P be the pull back 
principal C/(n)-bundle on E. We first review some facts about P (see [12^ 
Section 3.2] for details). The pull back bundle P ^ ^ S x U{n) is 

topologically trivial. We wish to describe an involution f : P — )• P which is 
f7(n)-equivariant, covers the involution r : S — t- S, and satisfies P = P/fg. 
Fixing a trivialization P = T, x U{n), any such involution must be given 
by fs : S X U{n) — )• S x U{n), {x,h) i— )• (r(x), for some C°° map 

s : S — )• U{n) satisfying s{t{x)) = s{x)~^. 

The topological type of a principal U (n)-bundle P — S is classified by 
ci(P) G H'^{J:;Z) ^ Z/2Z. Let P^'+ and P^~ denote the principal U(n)- 
bundles on S with ci = and ci = 1 in Z/2Z, respectively. Let be the 
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involution on P^' =T, x U{n) defined by a constant map s{x) = e G U{n). 
We must have = /„, so dete = ±1. Then P|'°/re = P^'^ if dete = ±1. 
We choose e± to be the diagonal matrix diag(ibl, 1, . . . , 1), and define = 
Te±. ThenP^V^^ =^s^- 

Let E = Xp C" ^ S X C", where p : U{n) GL{n,C) is the 

fundamental representation. Then induces an involution : E = J] x 
C" ->■ £J = S X C" given by (a;, v) i-> (t(x), e±-i;). The two involutions t+, t~ 
give two isomorphisms t*E = E, which induce isomorphisms 

A{E, h) ^ A{t*E, T*h), C{E) ^ C{t*E), Aut{E) ^ Aut(r*^). 

Therefore, we have involutions 

: A{E, h) A{E, h), : C{E) C{E), : Aut(£;) ^ Aut(£;), 

and : C{E) — )• C{E) is Aut(£?)-equivariant with respect to the Aut(S)- 
action on C{E). We have 

^(P^'±) = A{E, hfA ^ C{EYc , Aut(P^'^) ^ Aut(£;, hyc , 

where Aut(£', h) C Aut(£^) is the group of unitary gauge transformations of 
the Hermitian vector bundle {E, h) . The following two equivariant pairs are 
isomorphic: 

(^(P^'±),Aut(P^'±)) - (c{EYc^A.ui{E,hYc^ . 
3.3 S'C/(n)-connections 

Let ^ S be a principal S'C/(n)-bundle. Then is topologically trivial. 
We fix a trivialization = S x S*?/ (n), which allows us to identify the space 
A{Q'^) of connections on Q'^ with the vector space of su(n)-valued 1-forms 
on E. Let P^''^ = E x U{n) be the trivial ?7(n)-bundle on E, as before. The 
short exact sequence of vector spaces 

Tr 

su(ra) -> u(?7.) — )> u(l) 1 
induces a short exact sequence of infinite dimensional vector spaces 

^ A{Q'^) ^ ^(P^^'+) ^ ^(P^'+) ^ 0. 
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The Yang-Mills functional on A{Q'^) is the restriction of the Yang-Mills 
functional on A{P^'^). The Morse stratifications on A{P^'^) and on A{Q'^) 
are given by 

A{P^'^) = [jA„ A{Ql) = [jA'^ 

where A'^ = A^ n AiQ"^) is nonempty for any fi £ I. Given fi £ I such 
that Afj. 7^ Ass, let (resp. N^) be the normal bundle of A^ (resp. A'^) 
in ^(P^'^) (resp. A{Q'^)). Let : A'^ A^ be the inclusion. Then 
^'ii — ''li^f^- Therefore, if is an orientable real vector bundle over A^ 
then N' is an orientable real vector bundle over A',,. 
The short exact sequence of Lie groups 

1 ^ SU{n) U{n) ^* U{1) 1 
induces a short exact sequence of infinite dimensional gauge groups 
1 ^ Map(S, SU{n)) Map(S, U{n)) Map(S, [/(!)) ^ 1 
or equivalently, 

1 ^ Aut(QS) ^ Aut(P^'+) ^ Aut{P^'+) ^1. (4) 

In particular, G' := Aut{Q^) is a subgroup of G := AMi{P^'^); indeed Q' is 
a closed, normal subgroup of Q. We have the following diagram: 

EG xg, n'^ > Eg xg, > Egxg-Nf, 

Eg Xg, A'^ > Eg Xg, A^, > Eg Xg A^ 

which can be identified with 

(Nphg' > (N^)hg' > (N^)/.g 

{•^^l)hg' — ^ {•^^l)hg' > {•^^l)hg 

where 

Therefore, if {Hp)hg is an orientable vector bundle over {Ap)hg then {^'^)hg' 
is an orientable vector bundle over {A!^)hg'- 

From the above discussion, if Theorem [1] holds for U{n) then it holds for 
SU{n). In the remainder of this paper, we prove Theorem [T] for U{n). 
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4 Reduction 



Let S denote a closed, non-orientable surface. In this section, we reduce 
the question of orientability for normal bundles of Morse strata in A{P^'^) 
to the question of orientability for certain real vector bundles Vn^k over the 
representation varieties associated to central Yang- Mills connections on p?'^. 

The reduction will pass through a variety of gauge-theoretical spaces, 
most of which are not CW complexes. Hence one needs to be careful in ap- 
plying the usual bundle-theoretical arguments. In the end, however, we will 
show that the normal bundle to each Morse stratum Afj,, when considered 
equivariantly as a bundle over (-4.^)^^, is pulled back under a weak equiv- 
alence from a bundle over the homotopy orbit space {Mti/Qo)hu[ji) (here 
Nfi denotes the set of type /i Yang-Mills connections). These representa- 
tion varieties are analytical sets [12], and their homotopy orbit spaces are 
triangulable by results of Illman [11]. The fact that the normal bundle is 
pulled back from a bundle over a CW complex will allow us to use standard 
bundle-theoretical arguments. At the end of this section we will summarize 
the arguments to follow, so as to make the overall strategy of the reduction 
clear and the proof rigorous. 

4.1 Reduction to Levi subgroups 

On the stratum C^, where // is as in Equation ([3]), we will proceed to reduce 
the L'"(n)-gauge group to a Levi subgroup corresponding to U{ni) x • • • x 
U{nr). Our arguments follow [U Section 7] closely. 

Let Tfj, denote the space of all C°° filtrations of type /i. The Harder- 
Narasimhan filtration provides a continuous map p : — t- J-"^. Let Efj_ £ 
be a fixed C°° filtration of E and let = p~^{E^). We choose splittings of 
the filtration E"^ to obtain a direct sum decomposition E'^ = Di (B ■ ■ ■ (B Dr oi 
E, and let ^° C be the space of complex structures compatible with the 
direct sum decomposition E^. The inclusion ^ B^ splits the fibration 
B^ ^ B^, which has a vector space as fiber. Hence this inclusion is a weak 
equivalence. Since is the extension of the Aut(S^)-space to a Aut(-E)- 
space, we have a homeomorphism of homotopy orbit spaces iCfi)hAvit{E) ~ 

i^t^)hAnt(E,)- Thus 

r 

i^^^)hAnt{E) - i^f^)hAut{E^) ~ i^ft) hAnt{EO) - Yi^^^^^^^hAutiD,)- 

i=l 

Let — )• Cfj_ be the normal bundle of in C{E). Given E £ B^^^ (Z C^, 
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£ is a direct sum of holomorphic subbundles 2?i , . . . , P,. , and 

i<j 

The Harder-Narasimhan filtration is again a continuous map p : C^-q (^) — )• 
J^Toifi)- We liave t*E^ € -7vo(m)- ^et ^^(,(/,) = p~^{t*E^) and let ^^^^^^ be the 
space of complex structures compatible with the direct sum decomposition 
T*{El) = T*Di e • • • e T*Dr. Then r(^0) = B^^^^^y 

Given a holomorphic vector bundle V — >• S, let 0{V) be the sheaf of local 
holomorphic sections on V. Then for i = 0,1, 

V) - H\t, 0{V)) - H\{U^}, OiV)) (5) 

where ifg(S,V) is the Dolbeault cohomology of the holomorphic vector 
bundle V, H'''{T,,0{V)) is the sheaf cohomology of the sheaf 0{V), and 
W {{Ua} , O (y)) is the Cech cohomology with coefficient in the sheaf 0{V) 
for a good cover {Ua} of S. Let H^{Tj, V) denote any of the three cohomology 
groups in ([5]). 

Let N^o(^) — ?• Ct-o(^) be the normal bundle of Ct-(,(^) in C{t*E). Then 
Tci£) = Tc{Vi) e • • • e Tc{Vr), and 

(^ro(M))rc(f) =0^' (s,7^om(rc(P,),rc(A))) • 

Now, T* induces an anti-holomorphic map from the holomorphic vec- 
tor bundle '}iom{Vi,Vj) to the anti-holomorphic bundle T*'Hom{'Di,Vj) = 
T*'Hom{T>'j ,T>^). So r induces an isomorphism of holomorphic vector bun- 
dles 



nom{Vi,Vj) rmomiV) ,V'() = rLom{T*V) ,T*V'^i) = rLom{Tc{V j) , tc{V 

Given a local holomorphic section of s of T-Lom{T>i,'Dj)\u, where U is 
an open subset of S, we let r(s) denote the local holomorphic section of 



T*'Ho'm{Vi,Vj) defined by t{s){z) = s{t{z)). Then r defines a con- 

t{U) 

jugate linear map between Cech complexes associated to 'Hom{'Di,Vj) and 
T*'HomiVi, Vj) = 'Hom{TciVj),Tc{Vi)), and this in turn induces a conjugate 
linear map 

r : H\t,nom{V„Vj)) ^ (t,nom{Tc{Vj),Tc{Vi))) . 



The direct sum of these maps (over i < j) is the conjugate linear map 
(N^)^ ^ (N,„(^)),,(^) induced by rc : C{E) ^ C{t*E). 
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4.2 Degree zero case 

We now specialize to the degree zero case (see pSl Section 7] for details). 

Let Sq be a Riemann surface of genus £ > 0. Let S( be the connected 
sum of Eq and MP^, and let Eg be the connected sum of Sq and a Klein 
bottle. Any closed connected surface is of the form S^, where ^ > and 
i = 0, 1, 2. S| is orientable if and only if z = 0. Define 



In = |m= (i^,0,...,0,ro(i/)) 1/ =( — ,...,—,...,—,...,—) G 



In 




1^ = {i',To{iy)) 



2n' = n, (-ir'*+^ = ±i, :^>...>:^>o) 

ni llr J 

where i = 1,2. Then /^°q = /° U In~^ U To simplify notation, we set 
for any /i E 

We have S = for some £ > and z = 1,2, and E = Let 
S = Xp C" ^ S X C". The involution : E — > E defines an 

isomorphism (p^ : E t*E. We have : C(£') — )• C{E). Suppose that 

^ £ -^n,0) aiid C^'^ is nonempty. Then /i S U so /i is of the form 

= (i/, 0, . . . , 0, ro(zv)), u = (—, — ) G 
^ — V — ' ^ni ni riy n^J 

n\ Ur 

where no > 0. There exist C°° subbundles Dq, . . . , Dj. of E such that 

1. For i = 0, . . . ,r, rankcDj = n^, deg Di = ki, where ko = 0. 

2. E = Die---Dr®Doe T*Dr e • • • e t*Di. 

3. preserves Dq and switches Di with t*!)^ for i = 1, . . . , r. 
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Let 

El = Di®---Dr®DQ® T*Dr e • • • e T*Di, 
and define as in Section 14.11 Then Tq acts on by 

^ Tc(p-i) e • • • e Tc(p_r) e "^^^(Po) e Tc(Pr) © • • • © tc(Pi), 

Let Css{Di) C C{Di) be the semistable stratum. Any element in the fixed 
locus {B^^yc is of the form 

Pi © • • • © © ^^0 © rciVr) © • • • Tc(Pl) 

±o-{m) 

where T>i € Css{Di) for z = 1, . . . , r, and Dq S Css{DqYc . Therefore, 

r 

1=1 

Now, acts on 

Aut(£;°) = Aut(Di) X • • • Aut(L'^) X Aut(L'o) x Aut(r*A.) x • • • Aut(T*L>i) 
by 

(itl, . . . ,Ur,Uo,U-r., ■ ■ ■ 

^ (Tc(n„i), . . . , Tc{u^r),r^''''^^ {uo),Tc{Ur), . . . , Tc{ui)). 

To simplify notation, we write = Aut(£^°)""c . Then we have 

r 

^ Aut(L»o)"c*^"" X J] Aut(A). 

i=l 

Let Afj, C ^(P^'^) be the equivariant Morse stratum that corresponds 

to Cjf C C{Eyc . As in the orientable case, the inclusion i : {B'^yc ^ Cjf 
induces a weak homotopy equivalence 

((B'.yc) ^(cf) 



15 



We now have a sequence of maps (where ~ denotes a weak homotopy equiv- 
alence) 



(•^M)hAut{P^-±) - (C/ \iAnt(E,hrc) ^ (^'^^ \iAutiErc) 

r 

^ y fiGf, \ y h[Aut{Doyc j ^ 

When /i G /n^, we do not have the first factor Css{Dq). 
Let be the normal bundle of in C{E). Given 

8 = Vi®---®Vr®VQ® Tc{Vr) e • • • e Tc{Vi) e {B^^fc^ 

we have 

0<i<j 0<i<j 

e0i?^ (s,?^om(A,rc(P,))) 

(s,?^om(A,Po)) ©0^' (s,7^om(Po,rc(A))) • 
i>0 i>0 

By the discussion of Section 14.11 r induces conjugate linear maps of 
complex vector spaces: 

H^{t,nom{Vi,Vj)) H'^{t,'Hom{Tc{Vj),Tc{Vi))), audits inverse, 

H\t,nom{Vi,Tc{Vj)) ^ H\t,nom{Vj,Tc{Vi)), 

H^{t,'Hom{V„Vo)) H^{t,'Hom(Vo,Tc{Vi))), audits inverse. 

Let be the normal bundle of A/j, in A{P^'^), or equivalently, the 
normal bundle of C^'^ in C{EYc . Then 

{n^)e = H\t,8nd"{£)Y 

0<i<j 0<i<j ' (6) 

e0i?' (t,nom{Vi,TciVi))y e^H^ (t,nom{Vi,Vo)^ 

i>0 i>0 
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Let i : {B^^Yc ^ C^c denote the inclusion map. By dSD, i*N^ = N^eN^, 
where 

0<i<j 0<i<j 



i>0 

K)£ = ^HUj:,'Hom{Vi,Tc{Vi)) 



i>0 



_± 



Note that (N^)/ig^ — )• ( {S^Yc \ is a complex vector bundle, thus an 

oriented real vector bundle. Hence orientability of i*N^ is equivalent to 
orientability of the real vector bundle 

/iGm V //i(Aut(Do)C ) 



We have 



i=l 



i=l 

Let D be a rank n, degree A; > complex vector bundle over S. Let V„^fc 
be the Aut(L')-equivariant real vector bundle over Css{D) whose fiber at V 
is H\t,'Hom{V,Tc{V)Y. 

The following result will be a direct consequence of Lemma [5] (the 5 = 
case) and Theorem [6] (the g > case) in Section 14.31 below. 

Theorem 3. Let D be a rank n, degree k > complex vector bundle over 
a Riemann surface of genus g. If n = 1 or g ^ 1 then (Vn,fc)/jA.ut(_D) ~^ 
CssiD)hAut{D) is orientable. 

Suppose that S is diffeomorphic to the Klein bottle, so that its orientable 
double cover S is a Riemann surface of genus 5 = 1. Note that 

11^ = {{k,-k) I k £ Z>o}, /g" = {{k,0,-k) I k £ Z>o}. 

The k = case corresponds to open strata whose normal bundles are of 
rank zero. From the above discussion, when n = (k, —k) or (k, 0, —k), where 
k > 0, we have 

(N^)f = H\t,nom{Vi,Tc{Vi))Y 

where Pi is a rank 1, degree k holomorphic bundle over S. Therefore The- 
orem [3] implies Theorem [H our main orientability theorem. 
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4.3 Reduction to representation varieties 

We consider the following equivariant real vector bundles: 

1. The Aut(ii^)-equivariant vector bundle Yn,k Css{E). 

2. The Aut(-E, /i) -equivariant vector bundle Nn,k Css{E), or equiv- 
alently, the ^-equivariant vector bundle Yn,k where 
Q = Aut(P^''^) and Ass{P^'^) is the open Morse stratum. 

3. The ^-equivariant vector bundle i^fJVn,k A/'ss(-P^''^), where in,k '■ 
Afss{P^'^) ^ AssiP^''^) is the inclusion of the space of central Yang- 
Mills connections on P^'^. 

The inclusion Aut(£', h) C Aut(i?) is a homotopy equivalence; Ass{P^'^) 
is the stable manifold of A/'ss(P^'^), and the gradient flow of the Yang- 
Mills functional gives a ^-equivariant deformation retraction Ass{P^'^) 
^fss{P'^''')■ Therefore {^n,k)hAut{E) ~^ Css{E)hAnt{E) is orientable if and only 
if {^n,k^^''') ^ ■^ss{P^^)hg is orientable. 

We fix a base point xq G S, and let ev : Q ^ U{n) be the evaluation 
at xq. Then ev is a surjective group homomorphism, and the kernel Qq 
is the based gauge group. Therefore, Qq is a normal subgroup of and 
Q /Qq = U{n). The group Qq acts freely on J\fss{P^^)- Let g be the genus of 

S. The representation variety of central Yang-Mills connections on P^^ is 
given by 

where m(ai, 6i, . . . , Og, 6g) = nf=i['^«' ^«]- (^^^ Section 6.1] for the defi- 
nition of X^^{U{n))fj_ for a general Atiyah-Bott type There is a home- 
omorphism 

^fss{P^''')/Go = X^^{U{n)).^^,. 

2-1 n'' '' n 

The ^-equivariant vector bundle i* ]^n,k over Afss{P^'^) descends to a U{n)- 
equivariant vector bundle Vn^k over X^^{U{n))k k. Therefore orientabil- 

ity of ^i* iJ^n,k^ - — ^ •^ss{P^^)hg will follow from orientability of the bundle 

(H.,^)w,„, - (5£(£/(»))i 
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We will need the following lemma regarding orientability of equivariant 
vector bundles. 

Lemma 4. Let G be a compact, connected Lie group and let X be a paracom- 
pact G-space. Then a G-equivariant real vector bundle W ^ X is orientable 
if and only if the vector bundle EG XqW — > EG Xq X is orientable. 

Proof. Since W is the restriction of Who to a fiber of the projection Xhc 
BG, the "if" direction is immediate. Now assume W is orientable. Then 
det W ^ X is trivial, and it will suffice to show that 

det(^G xgW) ^ EG xq {detW) ^ EGxqX 

is trivial. Since X is paracompact and G is compact, we may choose a 
G-equivariant metric on detiy. The set det (TV) i of length-one vectors in 
det(Ty) = X X R is homeomorphic to X ]J X, so there is a section s : X — )■ 
det(14/') with image in det{W)i. 

We claim that s is G-equivariant. Fix x £ X, g £ G. Since G is 
connected, there exists a path gt from g to e, yielding paths s{gt ■ x) and 
gt ■ s{x) from ^(^f • x) and g ■ s{x) to s{x). By G-invariance of the metric, 
these paths lie in det{W)i, so s{g ■ x) and g ■ s{x) lie in the same path 
component of det(VF)i = X]JX. Since both points are in the fiber over 
g ■ X, we have s{g ■ x) = g ■ s{x). The map EG x X — EG xq deiiW) given 
by (e,x) I—)- [e,s(x)] now factors through EG xqX, giving a nowhere-zero 
section of this line bundle. □ 

Since U{n) is compact and connected, to show that 

is orientable it suffices, by Lemma HI to show that 

yn,k ^ X^m{U {n)) k k 

is orientable. 

When 5 = 0, the definition of X^'^{U{n))k k degenerates (the reader 
may wish to compare with the general definition given in [12, Section 6.1]) 
and we find that Xy'^{U{n))k fc is a single point when is a multiple of 
n, and is empty otherwise. 
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Lemma 5. 



{V G U{n)^\V = e-2-V^fe/n/„} = {j^}, k g 



So Vn^k — ^ -'^ym(^("'))^ ^ orientable whenever XY^{U{n))k k is 

We will prove the following. 

Theorem 6. Let k > 0. The real vector bundle V^^k ~^ ^ym(^('^))^ ^ '^^ 
orientable when n = 1 or g > 2. 

We now explain how exactly we deduce Theorem [1] from Lemma [5l The- 
orem [6] and the previous results and arguments in this section. We must 
be careful due to the fact that many of the maps we have been considering 
are only weak homotopy equivalences. In particular, if / : X — )• y is a 
weak homotopy equivalence and V ^ Y is a real vector bundle, orientabil- 
ity of f*{V) does not necessarily imply orientability of V (although by the 
Bundle Homotopy Theorem [n\ Section 4.9], this implication does hold for 
homotopy equivalences) . 

We need to prove orientability of the normal bundle (N^);^^ over (.4,^)^g- 
Letting i : Mfj, denote the inclusion of the critical set, this bundle is 

isomorphic to the pullback of the bundle i* under the retraction 

r : Afj, —7- Nfj, provided by the Yang-Mills flow (because i and r are homotopy 
inverses). Moreover, i* ((N^)^g) is the pull back of a bundle Whu{n) over 
the representation variety {■!^^l/Qo)hu{n) {^^^^ reduction to the representation 
variety is analogous to the argument in Section 14. 3p . By the results in [12l 
Sections 6, 7], A^/Qo is an analytic set, and hence admits a C/(n)-equivariant 
triangulation [11]. Thus the homotopy orbit space is a CW complex, and 
to prove Theorem [T] we now just need to prove orientability of the bundle 
WhU{n) over the CW complex (A/),/^o)/jc/(n)- 

The various weak equivalences exhibited in this section provide a weak 
equivalence 

By a standard CW approximation argument (for example, pull back over the 



singular complex of {Bl^'^c ), orientability of the bundle W^mri) ~^ 

{J^n/Go)hU{n) is implied by orientability of the pullback of this bundle to 
[{B^^yc \ ; note that this pullback is just the restriction of (N^);,c to 

V / hAut?, 
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. Finally, we have seen that orientability of this restricted 

/i Au-t?. 



bundle is implied by Theorem [3l which follows from Theorem [6l In the 
subsequent sections, we will prove Theorem [6] by explicitly examining the 
restrictions of the bundle Vn^k (see Theorem [6]) to loops generating the fun- 
damental group of X^^{U{n))k k. Note that X^^{Uin))k k is again 
an analytic set, hence triangulable (here we do not need an equivariant tri- 
angulation, so the classical result of Lojasiewicz [19] suffices). 

Remark 7. For the main applications we have in mind (e.g. the Morse 
inequalities mentioned in the introduction), it is not strictly necessary to 
prove orientability of the normal bundles to the Yang-Mills strata; one simply 
needs Thom isomorphisms describing how each critical set contributes to 
the cohomology of the space Ahg- We now explain how to deduce these 
isomorphisms without resorting to Illman's equivariant triangulability results, 
or even the non- equivariant result of Lojasiewicz. 

The partial ordering on the Yang-Mills strata defined by Atiyah and Bott 
m Section 7] can be refined to a linear ordering in which the union of each 
initial segment is open (see 123] for details). Let Ai denote the union of the 
strata in some initial segment I in this ordering (so Aj an open neighborhood 
of Ass) o,nd let Afj. be the next stratum. Then, by excising the complement 
of a gauge- invariant tubular neighborhood (see J23^]) and applying the Thom 
Lsomorphism Theorem to the (orientable) normal bundle {Hp)hg , one ob- 
tains isomorphisms 

H*g{Ai U A^,Ai) - H*g{n^, (N^)o) - H*g-'^^\A,), (7) 

where (N^)q denotes the complement of the zero section and c(/i) is the 
dimension o/N^. The isomorphism between the first and third terms is what 
we need in order to compute equivariant cohomology. 

Rather than applying the Thom Lsomorphism directly to i^^)^g, one may 
instead pull back over a CW approximation / : X — )• {A^)f^g. Since f is a 
weak equivalence and both and the complement of its zero section fiber 
over A^, we have an isomorphism 

HlgU*%, (rN^)o) = Hlg{%, (N^)o). 

To establish an isomorphism between the first and third terms in we need 
only deduce orientability o//*(N|j). This follows from Theorem\^by applying 
CW approximations throughout the previous argument; in fact we only need 
to know that the bundle Vn^k in Theorem is orientable after pulling back 
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over a CW approximation a : K ^ XY^{U(n))k k. We will show in 
subsequent sections that Vn^k is orientable along loops {'ji} generating the 
fundamental group of X^'^{U (n)) k k. Choosing 7- : 5^ — )• K such that 
a o ~ the Bundle Homotopy Theorem \T% Section 4-9] implies that 
a*Vn^k is orientable along the loops 7-, which generate ttiK . Since K is a CW 
complex, this implies (see Remark that a*Vn^k is orientable, as desired. 
In this approach, we do not need to use the fact that X^'^{U{n))k k is 

71 ' " ' ' 71 

triangulable. 



5 Fundamental Groups 

Our orientability argument requires a calculation of fundamental groups. 
Proposition 8. For g > 2, the map det induces an isomorphism 



vri xf^(C/(n)). 



det. 



Proof. We may assume n ^ 2. We first introduce some notation. Let p™-'^ = 
P^'^; note that det(P"''=) = P^''^. Let A{m,k) = A{P"'^'') be the space of 
[/(m)-connections on p™'*^^ let Q[m,k) = Aut(P™'''^) be the gauge group, 
and let Go{m,k) C Q{m,k) be the base gauge group. Let C{m,k) be the 
space of holomorphic structures on E"^'^, the rank m, degree k complex 
vector bundle over S. Let Css{m, k) C C{m, k) be the semi-stable stratum. 

Recall that Trace: u(n) — t- u(1) is the derivative of the determinant map 
det: U{n) — )• U{1) at the identity. Clearly it is ad- invariant and it induces a 
map ad(P"''^) — )• ad(P^''^), and thus a map Tr : A{n, k) — )• ^(1, k). The map 
Tr sends a Yang-Mills [/(n)-connection to a Yang-Mills f7(l)-connection. 
Since all Yang-Mills C/(l)-connection are central, the map Tr descends to a 
map 

det:X'f^{U{n))k K^X'fy,{U{l))k 



(recall that det(expM) 
a commuting diagram: 



exp(TrM),VM G u(n)). In other words, we have 



Mk 

n ' " 



hoi 



Tr 



X'f^{U{n))k^^^k 



det 



hoi 



> X~f^{U{l))k 
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The determinant map U{n) — t- U{1) also induces a homomorphism (p : 
Go{n,k) —7- QQ{l,k), and the map Tr : A{n,k) — )■ A{l,k) is 0-equivariant. 
In particular, the map Tr : J\fk k — )• A4 is (/)-equivariant, and we have a 
well-defined map 

Tr : EgQ{n, k) Xg^(n,k) 1 — > EGoil, k) y<gM,k) A4 

which we may identify up to homotopy with the determinant map 

Moreover, the Yang-Mills flow provides a gauge-equivariant deformation re- 
traction from the space Css(m, A:) of semi-stable bundles to the critical set 
M h_ k_ [22], so it suffices to show that the map 

TTi {Ego{n, k) Xgo{n,k) Css{n, k)) ^ tti {Ego{l, k) y<ga{i,k) Cs5(l, k)) (8) 

is an isomorphism. 

We have an induced map of fibration sequences 

Css{n, k) ^ EGoin, k) Xg^,(n,k) Css{n, k) ^ 5^o("', k) (9) 

Y 

C,,(l, k) ^ao(l, k) xg,^(i,fc) C,,(l, k) ^ 5^0(1, k), 

and we claim that both fibers are simply connected. For n = 1, all critical 
connections are minimal, i.e. there is only one stratum and thus the set 
of minimal Yang-Mills connections is a deformation retraction of the total 
space A{'i,k), which is an affine space. Thus, Css(l,/c) = A{'i,k) is con- 
tractible. Since both n and g are at least 2, the complement of Css{n,k) in 
the contractible space A{n, k) may be stratified by submanifolds of (finite) 
real codimension at least 2{g — l)(n — 1) + 2 ^ 4. Transversality arguments 
(as in [Ml Section 4] or [6]) now apply to prove simple connectivity. 

Since both vri and ttq of Css(l,A:) and Cssin,k) are trivial, we may now 
identify the map ([8]) with the map 7ri{BQo{n, k)) — ^ 7ri{BQo{l,k)) in- 
duced by diagram ([9]). By [U Section 2], we have homotopy equivalences 
Bgo{m,k) ~ Mapf"' {t,BU{m)) for any m, where Mapf™' denotes the 
subspace of based maps which induce the bundle p™'*^. Hence we may iden- 
tify the map c with the determinant map 

7ri(Mapr'(S,Bf/(n))) ^7ri(Mapr''(S,PC/(l))). (10) 
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The splitting C/(l) — ^ U{n) of det : U{n) — > U{1) induces a splitting 

Map,(S,BC/(l)) ^Map,(S,St/(n)) (11) 

of the determinant map Map ^ {T,, BU{n)) — > Map^(S,i?C/(l)), and hence 
after restricting to components (recall that det(P"'''^) = P^''^) we obtain 
splittings of the maps (llOp . This implies that the maps (llOp are surjective. 

To prove that the maps ([TO]) are also injective, it suffices to show that 
their domain and range are isomorphic to Z^^. Note that S is the mapping 
cone of the attaching map rj for its 2-cell, so we have a homotopy cofiber 
sequence 4 V2g ^. For any m ^ 1, applying Map , BU{m)) to 

this sequence gives the fibration sequence 

Map^{t, BU{m)) ^ Map^{\/ , BU{m)) ^ Map^{S^ , BU{m)). (12) 

We have Map^(\J^- S\ BU{m)) = {VLBU{m)fa ~ U{mf~9 and similarly 
Map ^{S^ ^ BU {m)) ~ U{m), so the fundamental groups of these spaces are 
and Z, respectively. Since the attaching map rj can be written as a 
product of commutators, so can the induced map 

: TTi Map,(Y S^,BU{m)) m Map^{S^ , BU{m)). 

Since these groups are abelian, we see that s^: = 0. 

Now, a classifying map for P"^'^ gives each space in (jl2p a basepoint, 
and the resulting long exact sequence in homotopy is, in part, 

'K2^BU{m) = ^ ^1 Mapf"'" (S, BU{m)) 1?'^ Z. 
Hence is an isomorphism, which completes the proof. □ 

6 Symmetric Representation Varieties 

In Sectional we reduced our main theorem (Theorem [1]) to the orientability 
of a real vector bundle V^^fe over the representation variety 

^YM (f^W)^ i 

of the central Yang-Mills C/(n)-connection on the orientable double cover 
Sq^"*"*"^ of the nonorientable surface Yj\ (Theorem [6|) . In this section, we 
will use Proposition [8] to write down: 



24 



(i) loops in Xy^j^' '^'^{U{'n))k fe that generate the fundamental group of 

XY-^^^^'^{U{n))k_ k, and 

(ii) lifts of these loops under the surjective continuous map 

from the symmetric representation variety. 

To prove Theorem [6l it suffices to examine the orientability of the re- 
strictions of the pull back bundle Wn,k = {^^'''TVn.k to the loops in (ii). This 
will be carried out in Section [71 

6.1 Review of symmetric representation varieties 

We recall definitions and some properties of symmetric representation vari- 
eties introduced in [12]. 

Given V = (oi, 6i, . . . , a£, &£) G U{n)'^'^, let m(y) = IlLik'^i]- ^or 
integers k, n, where n > 0, we introduce symmetric representation varieties: 

Z^M{Uin))K k = {{V,cy,c!,-2V^7:-In)\Vy£U{nf\c,c!£U{n), 

m{V) = e~''^''/''lncc', m{V') = e^^'=/"/„c'c} 

Z^M{U{n))k ^^ k = {{V,d,c,V',d',c',-2V^TT-In)\V,V' £U{nf^, 

d,c,d',c' G Uin),m{V) = e'^^^'^'Incd' c'^d, 

In particular, we have homeomorphisms 

= {{V,c,V',c',-2^T:k) \V,Ve U{lf\ 

c, c eU{l),cc ={-lf] ^ C/(l)^^+i 
Z^^(C/(l))fc = {{V,d,c,V',d',c',-2V^Trk) \V,V'e U{lf', 

d, c,d',c' G U{1), dd! = {-if] ^ U{lf^+^ 

Given g £ U{n) and V = {ai,bi, . . . ,ae,be ) G U(nf^, let 
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With this notation, U{nf' acts on ZY\ji{U{n))k k by 

(51,52) •(V^,c,y',c',,-2V^7r-/„) 

n 

k 

= {91 ^,91^92^,92 V'g^ \ 52 c'gf \ - 2\/^7r - In) 

n 

(51,52) • (F,d,c,F',d',c',-2V^7r-/„) 

n 

A; 

= {9iVgi^,gidgY^,gicg2^,g2V'g^^,g2d'g^^,g2c'g^'^, -2\/^7r-/n) 

Define : ?7(ra)2(2^+*) x u(n) ^ [/(n)2(2^+»-i) x u(ra) by 

<I>^'i(F,c,y',c',X) = (F,cr(y')c-\x) 
^^'^{V,d,c,V',d',c',X) = {V,d-^(x{V')c-^d,d-\cc',X) 

where c(ai, 61, ...,ae, be) = (pe, ae,... , 61, ai). Then 

^'''{Zii,{U{n))k k) = X^'+'-'''{U{n))k k. 

n'' n n ' ' n 

6.2 Maps and vector bundles 

In this subsection, i = 1, 2, and n, are positive integers. 

Given a rank n, degree A; holomorphic vector bundle T> over S, tc(T>) is a 
rank n, degree —k holomorphic vector bundle over S, and 7iom(V, tc{T>)) = 

^Tcip) is a degree —2k, rank holomorphic vector bundle over S. The 
map P !->■ rc(P) defines 

r : 4i,(C/(n)). . ^ ^^ii(C/(n))_. (13) 

The map V i-)- T-LomiV ,tc{'D)) defines 

4>:Z!;f^{U{n))k k^ z'^\j,{U{T?))_2k _2k. (14) 

The map tc(X^) = r*7W defines 

T : ZYy[{U {n^)) _2k _2k ^ Z^\^{U {n^)) _2k _2k. (15) 

There is a map U{n) x U{n) U{n'^) given by {A,B) ^ A® B. More 
explicitly, 

(A (g) -B)jj,pq = AipBjq, 1 < p,q<n. 

Note that I^'Si In = In^- In particular, when n = 1, this map is the multi- 
plication: U{1) X ?7(1) — > f^(l), (ci,C2) !->■ C1C2. 

We introduce some notation. 



26 



(i) Given A = (Aij) G U{n), let A = (Ay) be the complex conjugate of 
A. Then A = 

(ii) We define a complex hnear involution T on C" (g) C" = C"^ by T{u (g) 
v) = v<^ufoT u,v e C". Then T G 0(n2) c Uiri^). We have 

Tij^pq = ^iq^pji T = T = T , (TCT )ij,pq — Cji^qp. 

(iii) Define an involution 

h ■■ Z^m{U {n^)) _2h. ^ Z^m{U {v?)) _2k _2k 

n ^ ^ n n '' ^ n 

by 

(y,c, F',c',4V^7r-42) ^ (42, T) • (y,c,y',c',4v^7r-42), 
n n 

{V, d, c, V, d', c', 4v^7r-42) ^ (42, T) • (F, d, c, V, d', c', 4V^7r-I^2). 

n n 

More explicitly, 

/T(F,c,y',c',4^7r-7„2) = {V,cT-\TV'T-\Tc',4V^T^-In^), 
n n 

MV, d, c, V', d', c, 4V^7r-42) = (V, d, cT-^,TV'T-^, Td'T-^,Tc', 4^^71-42) 

n n 

(iv) Given V = (oi, 61, . . . , a^, 6^) and V = {a[,b[, . . . ,a'g,b[) in U{lf^, 
define 

= (aiai, 6i6i, . . . , a^a^, 6^6^) G [/(l)^^. 

(v) Given V = (ai, 61, . . . , a^, 6^) and V = {a[,b[, . . . ,a'^,b'^) in U{nf'^, 
define 

y (g) F' = (ai eg) a'l, 61 (gi 5i, . . . , (gi a[, bi (g 6^) G U{r?f'. 

(vi) Given F = (ai, 61, . . . , a^, hi) G U{n)^^, define 

y = (ai,6i,...,af,6£) G ;7(n)2^ 

It is straightforward to check that for A,Be U{n), 



B = A<S)B, (16) 
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T{A(g> B)T-^ = B (g> A. (17) 

If A, B are diagonal with respect to the standard basis {ej | z = 1, . . . , n} of 
C", then A(^B \s diagonal with respect to the basis {cj ig) Cj | j = 1, . . . , n} 



of C"'. 



With the above notation, we have the following explicit description of 
the maps r, 0, f in ([13]), (dH), ([15]) . respectively. 

The involution r : ZY\j[{U{n))k k — > ZY\ji{U{n))_k _k is given by 



(y, c, V, c', -2^/^7r-/„) ^ (r, c', y, c, 2^/^7^-/„), i = 1, 
n n 

A; k 
iV, d, c, y, d', c, -2^/^7r-/„) (F', d' , c, V, d, c, 2^/^7r-/„), i = 2. 

71 n 

The map (/) : ZYl^{U{n))k k — ^ -Z'YM(^('^^))_2fc 2* is given by 



n ' ■ ■ ■ ' n 



k 



{V,C,V',C,-2V-lTT-In) 

n 

k 

^ (y(g)y',c(^c',y'(g)y,c (g)c,4\/^7r-/„2), z = i, 

n 

(y,d,c, y',d',c',-2^/^7r-I„) 

n 



A: 



1-^ (y «)y',(i(^(i',c(8)c',y'(^y,(i'(^(i,c (g)c,4V^7r-42), i = 2. 



n 



Letting 4't = It ° 4'i we see that (j) 4'T define the same map to the 
quotient of Z^y^iU {in?)) _2k _2k by U{-n?)'^ . We have 



k 



(^t{V,C, V',c\-2V-l7T-In) 

n 

--{y ® V', (c ® c') T,V® V\ (c ® c') r, 4^/^7r^/„2), i = 1, 

k 



(18) 



t(1^, d, c, y, d', c', -2V^7r-I, 

n 



={V (g)V',d(g)d',{c(g)c')T,V (g)V',d(g)d', (c O c') T, 4\/^7r-I„2), i = 2. 

(19) 

The involution f : Zyl^iU {n"^)) _ 2k _2k — )• ■^Vm(^("'^))-^ given 

n'"''n n'*"'n 

by 

{V, c, V, c', 4v^7r-42) ^ (?', c', y, c, 4^/^7r-42), i = 1, 
n n 

(V,d,c,V',d',c',4:V^7^-In^) ^ (V',d',c,V,d,cAV^TT-In2), i = 2. 

n n 
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Let ZYlji{U{n'^)y_2k 2k be the fixed locus of f. Then 

4>T[ZYM{U{n))k A C Z^lj^{U{'in?)y_2k _2k. 

In particular, when n = 1, we have c = c^^ and d = d^^. The involution 
r : Z^l^{U{l))k Z^l^{U{l))_k is given by 

{V, c, V, {-lyc, -2^/^^Tk) ^ {V', {-l)''c, V, c, iV^Trk), i = 1, 

{V, d, c, V\ {-ifd, c', -2^/^7^A;) ^ {V , {-ifd, c', V, d, c, 2^/^7rA;), i = 2. 

The map = ^j. : Z^J^(;7(l))fc Z^J^(C/(1))_2a.. is given by 
{y,c,V',{-lfc,-2^/^TTk) 

^ {vv',{-iyc\v'v,{-iyc\AV^TTk), i = i, 

{V, d, c, V, i-l)''d, c, -2^^^^lk) 
^ {VV',{-iyd^,cc',V'V,{-iyd^,c'c,AV^TTk), i = 2. 

The involution f : Z^J^(C/(l))_2fc Z^M(^(l))-2fc is given by 

{V, c, y , c, 4:^/^^Tk) ^ (V, c, V, c, iV^irk), i = 1, 

(V, d, c, V, d, c, iV^irk) ^ {V , d, c, V, d, c, iV^irk), i = 2. 

Definition 9. When k > 0, let Un,k Z^mi^ {n^)) _ 2k 2k be the com- 

plex vector bundle whose fiber at Ai is H^{Ti,Ai), where M. is a polystable 
holomorphic vector bundle of rank , degree —2nk. 

Prom the discussion in Section 14. H the involution r : S — t- S induces a 
conjugate linear map 

f ■■ {Un,k)M = H\t,M) ^ {Un,k)r(,M) = H\t,-^). 

So the involution f on Zy\j^{U {n^)) _2k _2k lifts to an involution f on f7„^fc, 
and the fixed locus C/^j^. is a real vector bundle over Z^y^iU {n'^)Y 2k 2k ■ 
We have 

4>TUl^k = Wn,k, rankKW„,A: = ranlcKf/^;, = rankc[/„,A: = 2nA:+n^(2^+i-2). 

Definition 10. When k = 0, let U^'' Z^i^{U{n^))o,...,o = Z^^l^{U{n^)) be 
the virtual complex vector bundle whose fiber at M. is H^{T,, M.) — (T. , Ai) , 
where At is a polystable holomorphic vector bundle of rank v? , degree 0. 
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The involution r : S — )■ S induces a conjugate linear map 

f : {Ur)M = H\tM)-H\t,M) ^ {Ur)nM) = H\t,f{M))-H\t,f 

Z^^^{U{n'^)) lifts to an involution f on and the fixed locus (^7"^^)^ is a 
virtual real vector bundle over Z^l^{U {n'^)Y of rank •n?{2l + i — 2). 

6.3 Loops in the symmetric representation variety 

Let 

be as in Proposition [8j In particular, ^ is the identity map when n = 1. 
Given V = {ai,bi, . . . ,a£, be) G C/(n)2^, define 

det(y) = (det(ai),det(6i),...,det(a£),det(6£)) G U{lf^. 

Then ^ o : 4;,(C/(n)). . xl'^'-'^\u{l))k = U{l)W-i) 
given by 

^o$^'i(y,c,y',c',X) = (det(y),det(r(y')),Tr(X)) (20) 

1^ o $^'2(y-, c, y, d', c',X) = (det(y), det(r(y'))> det((i)-\ det(cc'), Tr(X)) 

(21) 

In the rest of this subsection, we write <I> instead of <I>^'*. 

Remark 11. The following observation will be useful. Let M be a CW 
complex, and let E ^ M be a real vector bundle. Then E is orientable if and 
only if wi{E) = 0, or equivalently, jr]wi{E) = for all 7 G //i(M;Z/2Z). 
(Recall here that orientability is equivalent, over any base, to triviality of the 
determinant line bundle, and line bundles over a CW complex X are classified 
by wi G i?i(X;Z/2Z) ^ [X,MP°^ = K{Z/2Z, 1)].) Now suppose that 7ri(M) 
is a free abelian group generated by loops 71, ... ,7^. Then the ji represent 
generators for Hi{X;'Z/2'Z), so E is orientable if and only if [ji]riwi{E) = 
for i = 1, ...,r, or equivalently. El is orientable for i = 1, r. 

6.3.1 n = 1, z = 1 

When £ = 0, X^'^{U{l))k,...,k consists of a single point. We may assume 
£ > 1. For z = 1, . . . , ^, let Oi, /3i, a[, and j3[ be loops on S which generate 
the fundamental group of S = Sq^, i.e., the holonomies along Oj, /Jj, a'^, and 
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Pi are Oj, bi, a'^, and b'^ respectively. Let di : ^ Zy^(?7(1))a; be the loop 
defined by 

Ui = e^^, = 1, j / z; bj = a'j = b'j = l,j = 1,. . . 
c = c' = \/^^ X = -2yf^-Kk. 

We define a'^, /3j, P'- similarly. Then ^ o di : ^ X^^^{U{l))k is a loop 
defined by 

ai = e^^ aj = l,j/i, 6j = 1, j = 1, . . . , 2£, X = -2^/^7r/i;. 
Thus the M loops 

$ o a„ ^. o $ o a'„ ^op[, i = l,...,t (22) 

generate the fundamental group of Xy-^{U{l))k = 

To show that Vi^k — ^ XY-^{U{l))k is orientable, it suffices to show that 
its restriction to each of the Ai loops in (|22p is orientable, or equivalently: 

Proposition 12. Let I > 1. The restriction ofWi^k ~^ ■^YM(^(-'-))fc each 
of the following M loops is orientable: 

dii Pi, Qj , /3j , i = 1, . . . , £. 

Proof. See Section [7^ □ 



6.3.2 n = l, i = 2 

In this subsection, we assume that ^ > 0. For i = !,...,£, the holonomies 
along ai. Pi, a[, and P'- are Oj, bi, a'-, and b[ respectively. Let 7 be the curve 
from p+ to P-, 7' be the curve from p_ to p+, S be the loop starting at p+, 
and (5' be the loop starting at p- i.e., the holonomies along 7, 7', 5, J' are 
c,d,d,d', respectively. The fundamental group of S = Sq^*^^ is generated 
by the M + 2 loops 

ai,Pi,a'i,Pi, i = !,...,£, J, 77'. 

In particular, when £ = 0, the fundamental group of = x is gener- 
ated by 5 and 77'. 

Let cij : 5 — )• ZY^|(C/(l))fc be the loop defined by 

Ui = e^^, aj = 1 if j / i, bj = a'j = b'j = l,j = 1, . . . ,£, 

C = c' = l, d=^/^''^\d' = ^/^''~\ X = -2^TTk. 
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We define /3i, a^, /3j' similarly. 

Let 6 : ^ ZY^(J7(l))fc be the loop defined by 



d 



-rk+l _ 

-1 e 



-19 



d' 



flj = = «j - -J 



=1, i = l,...,A X 



c = c' = 1 
-2\/^7rA:. 



Let 7 : S"^ — Zyi^(?7(1))/s be the loop defined by 



d' 



a 



1, d 

2^+1,0/ 



-1 



6,- = a'. = 5', = 1, 7 = 1, . . . , X = -2V-l7r/e. 
Then $ o di : 51 ^ +^'^([7(1))^ is a loop defined by 



-10 



, aj = l if i ^ {i, 21 + 1}, a2e+i = (V-1) 



-fc-i 



6^. = l,j = 1,...,2£ + 1, X = -2V^7rA;; 
$ o 5 : 51 ^ XYM^'°(f/(l))fc is a loop defined by 



'^j = = l>i = !;••• ;2£> 



02^+1 = IV -l)-^-leV^^ 62^+1 = 1, X = -2V-l7rfc; 
and$o7:5i^X^t[''°(C/(l))fc is a loop defined by 

«i = = l,i = 1, - • • ,2^, 



, 021+1 — , 



X 



-Ivr/c. 



(23) 



0-21+1 = 

Thus the {M + 2) loops 

^odj, <l>o/3j, ^oa'i, <l>o/3', i = l,...,^, <I) o 5, $07 

generate the fundamental group of XY^^'^{U{l))k = U{1)^^~^^. 

To show that Vi^k ^YM^'^i^i'^))k is orientable, it suffices to show 
that its restriction to each of the (4£ + 2) loops in ()23p is orientable, or 
equivalently: 

Proposition 13. Let i >0. The restriction ofWi^k ■^ym(^ ^^'^^ 
of the following (4£ + 2) loops is orientable: 

ai, Pi, d-, /3-, i = l,...,l, 5, 7. 

Proof. See Section [7741 □ 
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6.3.3 n > 1, i = 1 

Let i > 1. Let Oj, /3j, a[, f3[ be defined in Section 16.3.11 so that the 
holonomies along Qj, /3j, a'^, /3' are Oj, hi, a'-, h'^ G U{n), respectively. 

Let ag = diag(e^'^^, 1, . . . , 1) G U{n). By Goto's commutator theorem, 

n-l 

the map ^ G defined by (a, 6) i— )• [a, is surjective if G is semisimple 
(cf. [H Theorem 9.2]). So there exist a, 6 E 5C/(n) such that 

Let Oj : — )• ZY]^{U{n))k k be the loop defined by 
= ae, 6i = /„, a- = a, 6 ■ = 6, 



a 



'3 



= = K = i / ^) c = c' = e 2n X = -2V^7r-I„. 



We define a^, similarly. From (|2U|) it is clear that the fundamental 
group of XY^{U{l))k = U{1)^^ is generated by the following M loops: 

v&o^oQj, ^o^o(3i, vI/o<l)oa-, ^o<|)o/3-, i = !,...,£. 

By Proposition [51 the fundamental group of XY^{U{n)) k k is generated 
by the following Ai loops: 

$ o a„ ^. o $ o a',, $ o i = !,...,£. (24) 

To show that Vn^k — ^ -'^ym'(^('^))^^ orientable, it suffices to show that 

its restriction to each of the M loops in ()24p is orientable, or equivalently: 

Proposition 14. Let i > 1 and let n > 1. The restriction of the vector bun- 
dle Wn,k ~^ ■^ym(^(^))^ ^'^'^^ ^/ following A£ loops is orientable: 

O-ii l^ii O-ii l^ii i = 1, ■ ■ ■ , £■ 

Proof. See Section [7?3l □ 



6.3.4 n > 1, i = 2 

Let £ >!. Let ««, /3i, a^, /3^, 5, 5', 7, 7' be defined as in Section [6.3.2| so 

that the holonomies along , q'-, /?•, 5, 5', 7, 7' are a,, fej, a^, 5'^, d, d', c, c' G 

U{n), respectively. Define a, 6, as in Section [6.3.31 so that [a, b] = e^^^^'^^^^In- 
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Let CKj : 5^ — >• ZYl^{U{n))k k be the loop defined by 



a-i = ae, h = /„, a'j = a, b'^ = b, 



bj = a'j = b'j = In for j ^ i, c = c' = /„ 



Try^fc TTV^fc k 

a = V— le 2" /„,a = — y— le 2n X = — 2v — Ivr— 

n 

We /3z, a'j, similarly. 

Let ^ : 5"^ — >■ ZY^(f/(n))fe k be the loop defined by 

/ / / 7r^y — Ik _ . I TT-y/— Ifc 

a\ = b\ = Ini ai = a, b^ = b, d = y — le 2n ae,^ = — y— le 2^ ag, 

k 

c = c' = In, aj = bj = a'j = b'j = In, j = 2, . . . ,i, X = -2\/^7r-/n. 



Let 7 : S*^ — )• ZY-^{U{n))k_ k be the loop defined by 
= 1 

-le-^'^In, d! = -V^e'^'^In, 



k 

aj = bj = aj = b'j = In,j = 2,...,i, X = -2\/^7r-/„. 

From (|2ip , it is clear that the following 41 + 2 loops generate the funda- 
mental group of Xy^^'\u{l))k = U{1)^^+^: 

^0<I)OQj, Vl/o<|)0/3j, \I/0<|)OQ-, Vl/o<i)0^-, 1= 1, . . . O ^ O 5 , ^ O $ O 7. 

By Proposition [51 the fundamental group of XY^^'^{U{n)) k k is gen- 



n' ' n 



erated by the following A£ + 2 loops: 

^odi, <I>o/3j, ^ o d'i, ^ o i = 1, . . . ,£, ^oS, ^oj. (25) 
To show that Vn,k ^ym^'^ {U (n)) k k is orientable, it suffices to 



show that its restriction to each of the (4£ + 2) loops in ()25p is orientable, 
or equivalently: 

Proposition 15. Let i > 1 and let n > 1. The restriction of the vector 
bundle Wn,k — ^ ■^ym(^("'))^ ^ ^^^^ following {Ai + 2) loops is 

orientable: 

di, Pi, d'i, Pi, i = !,...,£, 5, 7. 
Proof. See Section EH □ 
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7 Orientability along Loops 



Our approach is similar to that in the proof of ^ Proposition 21.3]. Let 
J : ^ ZYlj^{U{n))k k be any of the loops in Proposition [T2MT51 We 
need to show that E := ^*Wn^k is an orientable real vector bundle over 
. The fiber of E over 9 ^ is given by Eq = H^ijl, MqY^ ^ where 
Mq is an S'^-family of holomorphic vector bundles over E. Our strategy is 
to use degeneration and normalization of the Riemann surface S to show 
that E = Ec © E^, where Ec is a complex vector bundle over S^, and 
E^ is a (possibly zero, possibly virtual) real vector bundle which we can 
describe very explicitly. The explicit description of E^ allows us to compute 
wi{Em.) = 0. 

7.1 Degeneration of the Riemann surface 

We degenerate the smooth Riemann surface S = Sq^"*"*"^ to a nodal Riemann 
surface C with three irreducible components (7+, Co and C_, where C± = 
Eq, Co = E?, and Co intersects C± at a node p±. More precisely, consider a 
family of Riemann surfaces E^, where t € I = [0, 1], such that 

(i) El = S, So = C. 

(ii) is smooth for < t < 1. 

(iii) There is a family of anti-holomorphic involutions : — )■ S^, such 
that 

To{C±) = C^, To{p±) = pzp, ro(Co) = Co, n = r. 

The i = 1 and i = 2 cases are shown in Figure 1 and Figure 2, respectively. 
In Figure 1 and 2, Tt{q±) = (7=p, Tt{r±) = r=p, Tt{e±) = ezp. Notice that our 
loops start from p±, so the loop qi (resp. a'^) contains the path from p+ to 
q+ (resp. from p_ to q-) and its inverse; the loop j3i (resp. /3[) contains the 
path fromp-i- to r+ (resp. fromp_ to r_) and its inverse. In the degeneration 
t — )■ 0, the loop e± shrinks to the point p±, respectively. 

In Section [7^ and Section [73] we will degenerate the family M.q together 
with the base S to obtain an S'^-family of vector bundles M.efi — )• So = C. 
Then we will reduce the orientability of — )■ /S^ to the orientability of 
Eq whose fiber over 6 e is H^iCMefiY"-" ■ 
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1+ 



V 




Figure 1: Degeneration of = 



7.2 Normalization 

Let C+, Co, C_, and C be defined as in Section [7?T1 The normalization 
C of C is a disconnected smooth Riemann surface which can be identified 
with the disjoint union of C^, Cq, and C_. There is a normahzation map 
P : C — )• C, identifying a point on C± to a point in Co (which becomes 
the node p±)- We wih use the following lemma to study the orientability of 



Lemma 16. Let Ai ^ C be a holomorphic vector bundle of rank r. Let 
M+ C+, Mo — > Co and M- — ^ C_ be the restrictions of M to C+, Co, 
and C-, respectively. Then we have a long exact sequence of complex vector 
spaces: 




(26) 
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Proof. Let t+ : C+ ^ C , lq : Cq ^ C, and : C_ C be inclusion maps, 
and let : C — 7- C be the normalization map. Then 

We have a short exact sequence of sheaves on C (known as the normalization 
sequence) : 

O^Oc^ i+*Oc+ © to*Oco © i-*Oc- Op^ e Op_ ^ 0. (27) 

(See e.g. page 81 of [H].) Twisting the normalization sequence (p7|) by A^, 
we obtain a short exact sequence of sheaves on C: 

Q^M^ i+,M+ e LQ^Mo e ^ o®; e o®: ^ o. (28) 

The long exact sequence of cohomology groups associated to (p8]) is 

^ ®C;_^ H\C,M) (29) 
^ ^^(C, L+^M+) © ^^(C, to*A^o) © H\C, l^^M-) 0. 
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For A; = 0, 1, we have 

So ([29]) is equivalent to (l26|). □ 
7.3 The i = 1 case 

Proof of Proposition\l^ and Proposition \14\ We will show that a*Wn^k ~^ 
is orientable, j = 1, . . . ,1. The other loops /3j, oi'j, l3'j are similar. 
Note that a*Wn,k = {4>T ° ctjfU^,.. We have 



k 



a 



{6) = (Ve,eV^'^'=/2n^„,y',e^'^'=/2n^„,-27rx/^-I„), 



n 



where Vg,V' G U{ri)^^. Note that this is also true for the n = 1 case. The 
loop (j)T ° 0(j : 5^ — Zyl^iU {n'^)) _ 2k _2fc is given by (see (fTSj) for the 
definition of (f)T)- 

<Pt o ajie) = {Ve V, T, Vg 0V',T, (30) 

n 

The loop (/)T°0ij{9) can be viewed as an S'^-family of polystable holomor- 
phic vector bundles Aig of rank n"^, degree —2kn over the Riemann surface 
S = Sq^. We now consider holomorphic vector bundles A4e,t of rank n^, 
degree —2kn over St with the following properties: 

(i) For < t < 1, the holonomies of Aig^t over St are given by (pOj) . 

(ii) When t = 0, we have 



Mgn 



c± 



M±{e), Mg,o =Mo{e) 



Co 



where M±{9) is a rank n^, degree —kn polystable holomorphic vector 
bundle over C± = Eq and A^o(^) is a rank n^, degree polystable 
holomorphic vector bundle over Co = IP^. 

(iii) The holonomies of Ai+{9) starting from p+ along (ai, /3i, ai, f3e) are 
given by 



k 



(Ve®y',27r^/^-I„2) GX-^^(C/(n2)) , ^ 
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and the holonomies of M.-{9) starting from p_ along q^, .., a'j^) 
is given by 

{x{Ve0V'),27rV^-I„2) e X^l,{U{n^))^, 

ft n ' ^ n 

(iv) By (ii), A^o(^) — Op" , since the trivial bundle is the only degree zero 
polystable bundle on P^. Thus, M.q{6) is independent of 6 and will 
be denoted by A^o- The holonomy of M.q along the equator 77' is 
TT = 1^2 as expected. 

(v) For all {6,t) G 5^ x /, we have r^Adg t = Ade^t, so there is a conjugate 
linear involution rg j on H*{'Lt,-M.e,t)- 

As (6*, t) varies, the real vector spaces 

{H\tt,M9,tr'' I {9,t) eS^xI} 

form a real vector bundle E over the cylinder x /. Let k : ^ x I 
be the embedding 6 1— >• {9,t). Then 

ilE = {(j)T o ajYU^^j, = a*Wn,k- 

The maps zq and ii homotopic, so i^E and i\E are isomorphic real vector 
bundles over S^. Thus a*Wn^k is orientable if and only if i^E is an orientable 
real vector bundle over S^. 

By Lemma [161 we have the following long exact sequence: 

^H^iCMefl) ^ H^{C+,M+{0)) © H^{CqMo) ® H\C.,M-{e)) 
->C;leCf_^ H\C,Me,o) 

^ H\C+,M+{e)) © H\Co,Mo) © H\C-,M-ie)) ^ 

(31) 

where p± is the node at which Co and C± intersect. We have 
degMsfi = -2nk < 0, degM±{6) = -nk < 0, 

so 

H\C,Me,o) = H\C+,M+{9)) = H'>{C-,M-{9)) = 0. 

By (iv), A^o = 0®f, so H°{Co,Mo) = C®"' and H^Co,Mo) = 0. The 
map H^{Co, A4o) — C^^ is the evaluation map s 1— >• s{p±). Therefore ([3T]) 
is reduced to 

^ C"' 4 C®f © C®"' ^ H\C,Me,o) ^ 

i/i(C7+,X+(0))©/7i(C7_,7W_(e))^O (32) 
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f,,o : c! e c£ ^ c£ e c£ , (v, w) ^ (w, v). 



where j{v) = {v,v). The involution fe,o acts on the exact sequence ([32]) in 
the fohowing way : 

H\C,Me,o) ^ H\C,Me,o), H\C+,M+{0)) H\C^,M^{e)). 
The involution on C®"^ and C®"^ © C®"^ is independent of 9: 

Thus, we have 

We conclude that IqE = Ec © Eu, where Ec — ?■ 5^ is a complex vector 
bundle whose fiber at 6* G 5^ is H^{C+,M+i9)), and Et^ is a trivial 

real vector bundle of rank n^. Therefore IqE is orientable. □ 

7.4 The i = 2 case 

Proof of Proposition [73 and Proposition \15[ We will study the orientability 
of the real vector bundle 

x*Wn,k = {4>T o xyul, 

over S\ where X : ^ Z^l^{U{n))k k is one of the 4£ -\- 2 loops. Note 
that A is of the form 

n 

where Vg,Vg € U{nY^ and qq, cq are diagonal matrices in U{n). Note that 
this is also true when n = 1. 

The loop (j)T o X : ^ ZyuiU {n"^)) _ 2k _2k is given by (see ([TOl) for 
the definition of 

o X{9) ={Vg © y, -ge © ge, {cg © /„) T, 

^ k (33) 

Ve © F', © ge, {ce © /«) 47rV^-I„2). 

n 

The loop (/>T' o X{6) can be viewed as an S^-family of polystable holomor- 
phic vector bundles Aig of rank n^, degree —2kn over the Riemann surface 
S = Sq^^^. We now consider holomorphic vector bundles Me,t of rank n^, 
degree —2kn over Et with the following properties: 
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(i) For < t < 1, the holonomies of Aie^t are given by (p3|) . 

(ii) When t = 0, we have 



',0 



c± 



M±{e), Me,o =Mo{e) 



Co 



where Ai±{0) is a rank n^, degree —kn polystable holomorphic vector 
bundle over C± = Sq and A^o(^) is a rank n^, degree polystable 
holomorphic vector bundle over Cq = x S^. 

(iii) The holonomies of starting homp^ along (ai, a^, /S^) are 
given by 

and the holonomies of M.^{6) along {f3'^,a'^, f3[,a[) (starting from 
P-) are given by 

(iv) The holonomies of Mo{6) along 5, 7, 5' , 7' are given by 

Ao(^) = i-ge ® 9e, {ce I„)T, -59 ® ge, {ce I„)T) G Z^^^{U{n^)y. 

(34) 

Therefore, the holomomies of A^o(^) along the loops 6 ^, 77' are given 

by 

o Xo{9) = {-ge ge, ce ce) G 

(v) For all {6, i) G 5^ x /, we have t^M.q i = M.e,t, so there is a conjugate 
linear involution fe^t on H*{'Et,-M.9,t)- 

As (0, t) varies, the real vector spaces 

{H\tt,Me,tr'' I (e,t) G X/} 

form a real vector bundle E over the cylinder S"^ x /. Let it : ^ x I 
be the embedding 9 1— )• (0,t). Then 



ilE = (0T o xyu:, = x*w, 



n,k- 



The maps iq and zi are homotopic, so IqE and i^i? are isomorphic real vector 
bundles over S^. Thus X*Wn^k is orientable if and only if IqE is an orientable 
vector bundle over . 



41 



(35) 



By Lemma [T6l we have the following long exact sequence: 
^C;l®cf^ H\C,Mg,o) 

where p± is the node at which Co and C± intersect. We have 
degA^e^o = -2n/c < 0, degA^±(6') = -nk < 0, 

so 

H\C,Me,o) = H\C+M+m = H^{C-,M-m = 0- 

Note that the holonomies of A^o(^) are diagonal, so it is the direct sum 
of n? holomorphic line bundles of degree 0. Let Ca^h denote the degree 
holomorphic line bundle whose holonomies along the loops 77' are 
given by 

(a,6)G4;°(C/(l)) = t/(l)2. 

Then 



0, (a,6)^(l,l). 



Case 1. A = dj, a'j, /3- 



Case 2. \ = 5. 



gg = Cg = In, {-ge ge, Cg (g) Cg) = (-/„2, /„2). 



gg = ag, eg = In, {-gg (g) gg , Cg (g) Cg) = {-ag (g) ag, In^] 



Case 3. A = 7. 



ge = In, Cg = ag, {-gg ® gg , Cg ® Cg) = {-In2 , ag 

Moio) = c^J:;.%,ec^XX^^^- 

H^{Co,Mo{9)) = = H\Co,Mo{e)). 
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In Case 1 and Case 3, ([35]) is reduced to 

O^cf^e Cf_ ^ H\C,MeQ) ^ H\C+,M+{e)) e H\C-,M^{0)) ^ 

(36) 

The involution fg^ acts on the exact sequence (I36p in the fohowing way : 

Te,o ■■ <cf^ e Cf_ Cf^ e Cf_ , {v, w) ^ {w, v) (independent of 9) 

H\C,Mefl) ^ H\C,Me,o), H\C+,M+{9)) ^ H\C^,M-{e)). 

Thus, we have 

^ C®"' ^ H^CMefif''" H\C+,M+{e)) 0. 

Therefore IqE = Eq, where Eq — )• S"^ is a complex vector bundle whose fiber 
atee is H^{C+,M+{e)) C®*^". Therefore i^E is orientable. 

In Case 2, (|35]) is reduced to 

^H\Co,Mom ^ C;lecf_ ^ H\C,Me,o) 
^H\C+,M+{e)) ® H\Co,Mo{9)) e H\C-,M-{e)) ^ 

Taking fixed points of the involution o on ()37p yields 

H\C+,M+{e)) e Fi(Co,Xo(e))"*-" ^ (38) 

where Cp^ and //^(C+,7W+(0)) are complex vector spaces. 

Recall from (134p that the holonomies of 7Wo(^) along 5, 7, 5', 7' are given 

by 

(-ae (g) aei,r, -a^ (g) ae,T). 
Let Jo : ^ Z°f^(;7(n2))^ be the loop defined by 

5q{6) = {-ae® ae,T,-a0®ae,T), (39) 

then the loop 5q can be viewed as the S^-family of the bundles M.q{6). Let 
UJi^^ be defined as in Definition [lOl Then the fiber of (the pull back bundle) 
Ef"" = ~5l{{Ui"f) at 61 G 51 is the virtual vector space 

To show that 5*Wn^k ~^ is orientable, it remains to show that the virtual 
real vector bundle Eq" — t- is orientable. This is true by Lemma [T71 
below. □ 
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Lemma 17. Eq" is an orientable virtual real vector bundle over . 
Proof. We use the notation in the above proof. 

Step 1. Recall that T is an involution on C" (E> C" = C" defined by T{u 
v) = V (S> u for n, f G C^. The eigenspaces of T are -E+i = Sym^(C") and 
E^i = A^(C'^). We have an orthogonal decomposition 

Let Ie±i '■ E±i —7- £^±1 be the identity map. Then 

/„2 = Ie+i © Ie-i, T = Ie+i ® {—Ie.i)- 
Define x ■ [0, 1] ^ U{n^) by 

x(i) = ^£;+i®(-e'"*/E_J. 

Then 

x(o) = r, x(i) = 42, x(t) = x{tr^ = x{-t). 

Note that (8) is of the form ag = © , where and 
are linear automorphisms on Ej^i and i^-i, respectively. Therefore (8) ag 
and x(i) commute for any 9 £ and t G [0, 1]. 
Step 2. For any t G [0, 1] and 6 £ S^, define 

5ti9) = {-ae0ae,x{t),-ae'^ae,x{t)). (40) 

In particular, 5o{9) is given by (pQl) . By Step 1, the right hand side of 
(go]) lies in Z^f^{U(n'^)Y . So for each t G [0,1], (gO]) defines a loop 6t : 
51 ^ Z^f^{U(n^)Y. Let S^'"^ = 5* {{U^^'^ f) S^. The loops 60 and 5i are 
homotopic, so -Eq"^ is orientable if and only if E™ is orientable: 
Step 3. Let I'(^) be the rank n^, degree polystable vector bundle over Co 
whose holonomies along 5, 7, J', 7' are given by 

^i(^) = ag,In'2,-ag © ae,/„2). (41) 

The holonomies of T>{9) along 7,7' are /„2, so we may degenerate the torus 
Co to a rational nodal curve C (see Figure 3), and degenerate 'D{9) to V'{9). 

More explicitly, we consider a family of Riemann surface where s G 
/ = [0, 1], such that 

(i) Ri = Cq, i?o = C . 
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Figure 3: Degeneration of Cq = x S^. 

(ii) Rs is a smooth torus for < s < 1. 

(iii) There is a family of anti-holomorphic involution o"^ : Rg ^ Rs, such 
that (To(p) = p, cTi = To, <Ts((5) = 6' , and c'"s(7) = 7' if s / 0. 

(iv) There is a normalization map : ^ C such that i^{q±) = p (see 
Figure 3). There is an anti-holomorphic involution a : — )• such 
that 

1/ o a- = o-Q o zy, a{q±)=q^. 

In the degeneration s — t- 0, the loop 77' shrinks to a point p. 

We consider a family of poly stable holomorphic vector bundles T>gs of 
rank n^, degree over i?s with the following properties: 

(i) For < s < 1, the holonomies of T>g^g along 5, 7, 5', 7' are given by 
(jHI), so we have alVg^g = Vg^g. 

(ii) When s = 0, we have Vg^o = T^'iO), and v*V'{e) = 0®f. V'{e) is 

2 2 

obtained by identifying v G C^^ with {—ag ag)v G Cq_. 

(iii) For all {6, s) £ x I, there is a conjugate linear involution ag^g on 
H*{Rg,Vg^g) such that 

i7i(fli,Pe,i)'^«-i -FO(iii,P,,i)'^«-i 

is the fiber of EJ'' at0£S^. 

(iv) The conjugate linear involution ag^ on H^{RQ,Vg^Q) induces a conju- 
gate linear involution ag^ on H^{F^,0^^ ) = (constant sections) 
that is given hy v ^ v. 
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As {9,s) varies, the virtual real vector spaces 

form a virtual real vector bundle E™ over the cylinder 5^ x /. Let is : ^ 
X I he the embedding 9 i— )• {9, s). Then 

ilW'' = F"^ ilE^^' = Ef\ 

where the fiber of F^''' at 6^ G 5^ is 

{F^''^)q = H^{C\V'{9)Y0'° - H^{C\V'{9)Y^fi. (42) 

The maps iq and ii are homotopic, so E\^^ is orientable if and only if F™ is 
orientable. 

Step 4- We have a long exact sequence 

^ H\C',V'{9)) ^ H^{F\0®f) ^ C"' H Cf ^ H\C',V'{9)) 

(43) 

where fe{v) = v + {ag ® aeY and we used H^{¥^ , O®" ) = 0. The involution 
uq acts on ([I3|) by 



Cf -^Cf , {ae ae)v. 



Therefore 

H°{F\0®fY''-° = K 

e 



So we have an exact sequence 

^ H^{C\V\9)Y'>''' M"' ^ F]R,0 ^ H^{C',V'{9)Y'>^° ^ 0. (44) 
where 

= eV^^M e eV^^/2R2(n-l) ]g(n-l)2_ 

To show that F™ is orientable, it suffices to show that E^^q form an 
orientable real vector bundle E^ — )• S^. Let Lq and Li denote the trivial 
and nontrivial real line bundles over S^, so that 

wi{Lj) =j£ Z/2Z = F1(5\Z/2Z), j = 0,1. 

Then 

= _j,©(«'-2"+2) ^ ^e(2n-2)^ u;i(F]r) = S Z/2Z = /?^(5\Z/2Z). 
Therefore E^ — t- S"*^ is orientable. 

□ 
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